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Abstract

This paper studies the transmission channel of asset bubbles in a heterogeneous

firm model with endogenous entry and exit. We highlight the effects of asset bubbles

along the extensive margin: the aggregate bubble can boost real economic activities

by affecting firms’ entry and exit decisions. Moreover, the model predicts the selec-

tion effect of bubbles: bubbly firms—firms with asset bubbles—are less productive

than bubble-less firms. Finally, we provide empirical evidence that supports bubbles’

effects along the extensive margin.
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1 Introduction

Researchers have focused on the effects of asset bubbles on the aggregate economy be-
cause of the recent boom and bust of asset prices and their association with business
cycles, e.g., Farhi and Tirole (2012), Martin and Ventura (2012), Miao and Wang (2018),
Ikeda and Phan (2019), and Asriyan et al. (2020).1 These previous studies emphasize as-
set bubble’s effects along the intensive margin: bubbles stimulate firms’ production (e.g.,
by relaxing financial constraint) without affecting the number of firms. However, asset
bubbles are linked to the values of firms, and therefore, entry and exit—the two most
important decisions for firms—are linked to the acquisition/loss of bubbles. The current
paper focuses on the effects of asset bubbles along the extensive margin: asset bubbles
affect the aggregate economy by influencing firms’ entry and exit decisions. Is the exten-
sive margin a relevant transmission channel of asset bubbles? What are the implications
of asset bubbles for the distribution of firms?

This study addresses these hitherto unaddressed questions through a theoretical model.
Moreover, we provide empirical evidence supporting the effects of asset bubbles along
the extensive margin.

Theoretically, this study builds a heterogeneous firm model with endogenous entry
and exit, allowing for rational bubbles.2 The framework helps in analyzing the effects
of rational bubbles on real economic activities through firms’ entry and exit decisions.
The model nests the standard bubble-less firm dynamics model as a special case.3 Firms
make entry (exit) decisions by comparing their value of operating in the market, which is
composed of a fundamental and a bubble component, with the entry cost (outside option
of exiting). Bubbles can influence decisions through their direct effects on firms’ values.
Specifically, for bubbly incumbents (i.e., existing firms whose value carries a bubble com-
ponent), exiting the market leads to the loss of bubbles. In other words, bubbles act as an
exiting tax, making it unattractive for a firm to exit. For potential entrants, bubbles act as
an entry subsidy: ceteris paribus, the value of entering the market is higher because of an
asset bubble. Hence, bubbles stimulate new firms to enter the market.

The calibrated model confirms the relevance of bubbles’ effects along the extensive
margin. Particularly, the total number of firms and aggregate output increase after a

1See also Barlevy (2012) and Martin and Ventura (2018) for reviews of the literature.
2There are various definitions of bubbles. We define a bubble as a pyramid scheme that pays no div-

idend, but is traded at a positive price: see e.g., Blanchard and Watson (1982), Tirole (1985), Martin and
Ventura (2012), and Galí (2014).

3For example: Hopenhayn (1992) and Clementi and Palazzo (2016).
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positive bubble shock (Result 1). Moreover, due to the extensive margin, the effects of an
asset bubble on real economic activities are slow-moving and hump shaped, whereas bubble
shocks affect asset prices on impact (Result 2).

Furthermore, bubbles have micro-level implications. Firms are heterogeneous in pro-
ductivity, capital, and bubble component. We compare the characteristics of bubbly firms
to their bubble-less counterparts along the balanced-growth path (BGP) in the model. On
average, a bubbly firm is characterized by lower productivity and is shown to accumu-
late less capital than the corresponding variables of a bubble-less firm over the entire life
cycle. The underlying intuition is that bubbles act as an exit tax and thus prevent low-
productivity firms from exiting. Moreover, by acting as an entry subsidy, bubbles induce
low-productivity firms to enter the market; therefore, bubbly firms are less productive on
average, namely, the selection effect of bubbles. Consequently, bubbly firms accumulate
less capital.

Finally, we provide empirical evidence that is consistent with our model by estimating
a structural vector autoregressive (SVAR) model. Controlling for fundamental shocks,
such as productivity, monetary policy, and risk premium shocks, we construct “bub-
ble shocks" using the medium-run restriction, as pioneered by Uhlig (2003, 2004).4 The
medium-run restriction identifies “bubble shocks" as the shocks that, among unobserved
fundamental shocks that are not controlled for in the VAR, maximize the forecast error
variance decomposition of our proxy of the non-fundamental component at the frequency
of business cycles.5

Using this empirical strategy, we uncover that an expansionary "bubble shock" in-
creases the total number of firms by increasing the number of new firms and reducing
firms’ exit rates. Moreover, while the "bubble shock" has peak effects on asset prices and
its non-fundamental component on impact (within a year), its effects on real economic ac-
tivities are slow-moving and hump-shaped. These empirical findings are consistent with
the effects of bubbles along the extensive margin that the model predicts, namely Result
1 and Result 2. In addition, we provide evidence that the identified "bubble shock" is
not confounded with fundamental shocks such as risk premium shocks, shocks to the
short-term interest rate, and credit supply shocks.

4The medium-run restriction is widely used to identify news shocks (Barsky and Sims 2011) and other
structural shocks; see Zeev and Pappa (2017) and Ben Zeev et al. (2017). More recently, Levchenko and
Pandalai-Nayar (2020) use this strategy to identify sentiment shocks in an open economy.

5This paper uses the price-fundamental differential component and the non-fundamental component
interchangeably to denote the deviations of an asset’s price from its fundamental value. The fundamental
component is defined as the present value of future real dividends.
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Literature Review The study contributes to a growing body of literature on asset bub-
bles. Tirole (1985) views bubbles as pyramid schemes or assets without intrinsic value.
He argues that bubbles crowd out investment and lower output. Caballero and Krishna-
murthy (2006), Farhi and Tirole (2012), Martin and Ventura (2012), Ventura (2012), Hirano
and Yanagawa (2017), Miao and Wang (2018), Bengui and Phan (2018), Ikeda and Phan
(2019), Biswas et al. (2020), Guerrón-Quintana et al. (2020), and Asriyan et al. (2020) ar-
gue that bubbles relax financial constraints.6 Hellwig and Lorenzoni (2009), Martin and
Ventura (2016), and Domeij and Ellingsen (2018) study bubbles in debt markets. Olivier
(2000),7 and Queiros (2019) claim that imperfect competition in the goods market also
allows bubbles to boost real economic activities.8 The existing works rely on market fric-
tions for bubbles to boost real economic activities and focus on the effects of bubbles along
the intensive margin. We emphasize an alternative transmission channel of asset bubbles
through firms’ endogenous entry and exit decisions. This hitherto unexplored mecha-
nism gives rise to the co-movement of asset prices and real economic activities even in
competitive markets. Moreover, we find the selection effect of bubbles through which
bubbles affect the distribution of firm-level variables, such as productivity and capital.

This study is related to previous studies that emphasize the macroeconomic impli-
cations of firm-level heterogeneity. Caballero and Engel (1999), Thomas (2002), Khan
and Thomas (2008), Bachmann et al. (2013), and Winberry (2020) study the implications
of capital adjustment costs at the micro level for the behavior of aggregate investment.
Khan and Thomas (2013), Senga et al. (2017), Arellano et al. (2019), and Ottonello and
Winberry (2018) investigate the implications of financial frictions in models with hetero-
geneous firms. Bachmann and Bayer (2014) and Bloom et al. (2018) consider the impacts
of uncertainty shocks in models with heterogeneous firms. Our model is closely related
to studies on heterogeneous firms that emphasize the endogenous entry and exit, pio-
neered by Hopenhayn (1992). Jaimovich and Floetotto (2008), Bilbiie et al. (2012), Lee and
Mukoyama (2015), Clementi and Palazzo (2016), Sedláček and Sterk (2017) and Bilbiie
and Melitz (2020) find that firm entry and/or exit justify important features of business

6See also Miao et al. (2015) and Larin (2019) for the quantitative importance of bubble shocks as the
source of business cycles.

7Olivier (2000) models R&D, which can somehow be interpreted as firm entry; however, the lack of firm
heterogeneity removes the selection effect that changes the distribution of entrants. Importantly, studies
have not considered endogenous firm exit, which plays a key role in our model.

8Galí (2014, 2020) and Domeij and Ellingsen (2021) analyze the interaction between monetary policy
and rational bubbles, in the presence of goods market frictions. See also Vuillemey and Wasmer (2020),
who study the effects of bubbles in a frictional labor market.
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cycles. In addition, Jermann and Quadrini (2007) relate asset price booms to aggregate
productivity gains in a model with decreasing returns to scale and financial frictions. Our
framework contributes to this literature by generalizing a firm dynamics model, allowing
for rational bubbles. In our model, the bubble size is an additional dimension of firm het-
erogeneity. Through the selection effect, we show that bubbles can affect the distribution
of firm-level productivity and capital. Moreover, the present study shows that empiri-
cal evidence uncovered in this paper can be reconciled by allowing for the existence of
bubbles in an otherwise standard firm dynamics model.

The remainder of the paper is structured as follows. Section 2 provides a simple ex-
ample of the existence of rational bubbles. Section 3 introduces the full-fledged model,
and Section 4 presents the predictions of the model. Section 5 provides empirical evi-
dence. Section 6 discusses the assumptions made in the current paper. Finally, Section 7
concludes.

2 An Example of a Rational Bubble

This section provides a simple example of the emergence of rational bubbles at the firm
level and the condition for the aggregate bubble to be sustainable.

2.1 Rational Bubbles

Consider a friction-less, small open economy with risk-neutral households. Households
plant trees that produce d > 0 unit of fruit in every period. Without the loss of generality,
we assume that planting trees incurs no cost, and we consider fruits as the numeraire in
the economy. There is no uncertainty. Households plant new trees and the total number
of trees increases at the rate g. We assume that the world’s output grows at the same rate
g so that the small open economy remains small compared with the world’s economy.
The following equation gives the value of a tree at time t:

Vt = d +
1
R

Vt+1, (1)

where R > 1 denotes the gross risk-free interest rate.
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Solving equation (1) gives

Vt =
R

R− 1
d + lim

τ→∞

(
1
R

)τ

Vt+τ. (2)

The following equation is a popular assumption made in the literature to exclude bubbles:

lim
τ→∞

(
1
R

)τ

Vt+τ = 0, (3)

which we call the no-bubble condition. This condition implies that there exists a unique
solution for the value of trees:

V = F ≡ R
R− 1

d, (4)

where F denotes the value of a tree under the assumption of a no-bubble condition. In
the absence of a bubble, the value of a tree is determined to be equal to its net present
value of fruits. However, there exist other solutions to equation (1) insofar as we relax the
no-bubble condition (3). Assume the following solution:

Vt = F + Bt, (5)

where F is defined in (4) and Bt is a process that satisfies the following property:

Bt =

(
1
R

)
Bt+1. (6)

It is straightforward to verify that equations (5) and (6) indeed solve equation (1). In
equation (5), the value of a tree is decomposed into two components. The first component
F represents the net present value of fruits, as defined in equation (4). We label F as
the fundamental value of trees/assets. The second component Bt is a pyramid scheme.
Hereafter, we label it as a bubble. Free-disposal implies that Bt ≥ 0. Note that equation
(5) nests equation (4) as a special case when Bt = 0, ∀t.

There exists a unique fundamental component F. However, infinitely many processes
exist for Bt that are consistent with (6). Any solution satisfying equations (5) and (6) also
satisfies the conditions that household and firms have rational expectations and solve
their problems optimally. Hence, bubbles (Bt) are labeled as rational bubbles in the liter-
ature.
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2.2 Aggregate Bubble at the Balanced-growth Path

It follows from (6) that for every tree, a rational bubble grows over time. In aggregate,
if bubbles persistently outgrow output, the world resource will ultimately become insuf-
ficient to purchase the bubbles. Under this condition, as argued by Tirole (1985), ratio-
nal expectations exclude bubbles because investors expect bubbles to be unsustainable.
Therefore, the existence of bubbles requires the aggregate bubble to remain stationary
relative to the aggregate output at the BGP.

The number of trees Mt grows at a constant rate g:

Mt+1 = Mt + g ·Mt (7)

Conjecture that there exists an equilibrium where every new tree starts with an initial
bubble 0 < B̄ < ∞. Owing to the entry of new trees, the aggregate bubble Ba

t evolves as
follows:

Ba
t+1 = R · Ba

t + g ·Mt · B̄. (8)

The right hand side of equation (8) comprises two parts: R · Ba
t represents the existing

bubbles from the existing old trees, and g ·Mt · B̄ represents the new bubbles brought by
new trees. The law of motion (8) can be rewritten as

Ba
t+1

Mt+1
=

R
1 + g

· Ba
t

Mt
+

g
1 + g

· B̄. (9)

We assume that R < 1 + g such that Ba
t

Mt
is stationary. Otherwise, bubbles are unsustain-

able. In fact, on the BGP: Ba
t

Mt
= gB̄

1+g−R . It is straightforward to show that the market
capitalization of trees divided by the aggregate output is also a constant. Specifically,
bubbles are sustainable (i.e., the market for trees clears on the BGP) and consistent with
rational investment behavior. Thus the conjecture is verified, and the equilibrium exists.

Because B̄ can take different values, multiple equilibria exist in which the value of
trees follows (5) and (6), and every new tree is attached with an initial bubble 0 < B̄ < ∞.
The realization of B̄ depends on market sentiment, or market psychology, as per Asriyan
et al. (2020).

Briefly, the condition R < 1 + g ensures the existence of BGP along which rational
bubbles arise.

These results are shared by the complete model in Section 3. However, two features
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of the complete model are absent in the simple example. First, a standard model with an
infinitely living representative household features an equilibrium real interest rate that
is higher than the growth rate (R > 1 + g), which violates the existence of rational bub-
bles. To overcome this issue, the model in Section 3 features overlapping generations of
households with each generation living for a finite horizon.9 Second, in this stylized ex-
ample, bubbles do not affect F. In the complete model, bubbles affect firms’ entry and
exit decisions and therefore, affect the fundamental components of firms’ values.

3 Model

Our model builds on standard firm dynamics models with competitive markets.10 We
extend the existing models by introducing a firm-level bubble component that raises the
equity price of a firm above its net present value of dividends.11 In the model, bubbles
influence the firms’ selection mechanism. As a firm’s exit incurs the loss of bubbles, bub-
bles discourage incumbents from exiting. Moreover, prospective entrants are encouraged
to enter the market to obtain bubbles.

3.1 Preferences

Time is discrete and the horizon is infinite. There is no aggregate uncertainty, and the
economy is populated with overlapping generations. In each period, a new generation of
individuals who live for T periods joins the economy. A representative household i in the
new generation maximizes lifetime utility:

Uit = Eit

T−1

∑
τ=0

βτCit+τ, (10)

where β ∈ (0,1) is the discount factor and Cit ≥ 0 denotes the consumption. The new
cohort’s size Nt follows:

Nt+1 = (1 + g)Nt. (11)

9See Domeij and Ellingsen (2018) and Galí (2020) for models of infinite-horizon agents with sustainable
pyramid schemes.

10See Hopenhayn (1992) and Clementi and Palazzo (2016).
11We model a bubble as a pyramid scheme that pays no dividend but is traded at a positive price:

see, e.g., Blanchard and Watson (1982), Tirole (1985), Martin and Ventura (2012), Galí (2014), Domeij and
Ellingsen (2018), and Ikeda and Phan (2019).
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Consequently, the size of the entire population also grows at the rate g.

3.2 Firms

Firms produce a homogeneous good in a perfectly competitive market. The production
technology features decreasing returns to scale:

yjt = At ϕjtkα
jt (12)

with α ∈ (0,1). At denotes the common productivity component that is identical across
firms. ϕjt is an idiosyncratic productivity shock. k jt denotes the capital stock, which is
predetermined. The idiosyncratic productivity shock ϕjt follows a Markov process:

log ϕjt+1 = ρ log ϕjt + ε jt+1, (13)

where ρ ∈ (0,1) and ε jt ∼ N
(
0,σ2) ∀t, ∀j.

Firms are owned by households. A firm’s equity is issued and traded in a frictionless
market. For each firm, we normalize the number of shares to one. Firms operate indefi-
nitely and are subject to endogenous exit. The start-of-period value of a firm is equal to

V (λ,µ,k) = Aϕkα − c f + max{Vc (λ,µ,k) ,Vx (k)} , (14)

where λ includes aggregate state variables, µ contains the idiosyncratic state variables
other than capital stock k, and c f denotes a fixed operation cost. We suppress the sub-
scripts to reduce the notational burdens. A variable X′ denotes the variable X in the next
period. After production, the firms’ owners decide whether or not to exit from the market
by comparing their value of continuation Vc with the value of exit Vx.

If firms exit, they divest all the capital stock, and the owners will then receive the scrap
value. Therefore, the value of exit is

Vx (k) = (1− δ) k− g (k,0) , (15)

where δ denotes the depreciation rate during production and g (k,k′) denotes the cost of
adjusting capital stock from k to k′. The adjustment cost follows a standard functional
form:

g
(
k,k′

)
= c01

{
k′ 6= (1− δ) k

}
k + c1

(
k′ − (1− δ) k

k

)2

k, (16)
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where c0, c1 ∈ (0,1), and 1{k′ 6= (1− δ) k} is the indicator function that equals 1 if firms
invest and equals 0 otherwise.

Firms continue to operate and invest if and only if Vc (λ,µ,k) ≥ Vx (k). If a firm re-
mains in the market, the owners can trade the shares in a friction-less market and decide
how much to invest for future production. The continuation value of a firm is equal to

Vc (λ,µ,k) = max
k′

{
(1− δ) k− k′ − g

(
k,k′

)
+

1
R

∫
V
(
λ′,µ′,k′

)
dJ
(
λ′,µ′|λ,µ

)}
, (17)

where J (λ′,µ′|λ,µ) denotes the transition probability of λ and µ,12 and R denotes the
return on firm equity.13 The factors that the vector µ includes depend on whether the
no-bubble condition is imposed.

The Fundamental Component The continuation value Vc (λ,µ,k) can be expressed as

Vc (λ,µ,k) = Fc(λ,µ,k) + Vc
∞(λ,µ,k). (18)

Equation (18) is analogous to equation (2): Fc (λ,µ,k) is the net present value of cash
inflows on continuation, while Vc

∞(λ,µ,k) is the discounted expected continuation value
in the limit. We label Fc (λ,µ,k) as the fundamental component of the continuation value
Vc (λ,µ,k). The formal definition of Fc (λ,µ,k) and Vc

∞(λ,µ,k), as well as the derivation
of (18), are presented in Appendix B.1.

A popular assumption to exclude bubbles in the literature is to impose Vc
∞(λ,µ,k) =

0, which is also called the no-bubble condition. Under this assumption, a firm’s value
solely consists of its fundamental component. In this scenario, the idiosyncratic state µ

consists of the idiosyncratic productivity shock ϕ. We relax this assumption in the study.
Consequently, the bubble component of the Vc (λ,µ,k) arises, and the firm-level bubble
component emerges as a new idiosyncratic state variable.

The Bubble Component By relaxing the no-bubble condition, the continuation value of
a firm can be written as

Vc (λ,µ,k) = Fc (λ,µ,k) + B, (19)

12The notation used in this section can also be applied to an environment with aggregate uncertainty.
13Households are risk-neutral, and therefore the equity market clears only if all firms have the same

expected return.
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where B represents the deviation of the continuation value from its fundamental compo-
nent, which is labeled as the bubble component or a bubble. Following the studies on the
rational bubbles, we model B as a a pyramid scheme:

B =
1
R

∫
Φ′

B′dJ
((

λ′,µ′|λ,µ
))

, (20)

where Φ′ ≡ {(λ′,µ′) |Vc (λ′,µ′,k′) ≥ Vx (k′)}. In Appendix B.2, we verify that (19) and
(20) are consistent with (18). Only the bubbles of surviving firms are tradable. If a firm
is expected to exit in the subsequent period, the present value of its bubble component is
equal to zero. Bubbles can be considered as assets without intrinsic value: the assets that
do not generate cash inflows. The size of a bubble depends solely on the expectation of
its future size. We assume free disposal of bubbles such that B ≥ 0. The solution under
the no bubble condition Vc (λ,µ,k) = Fc (λ,µ,k) is a special case when B = 0 for all firms
in each period.

We assume that bubbles are stochastic and subject to investor sentiment shocks. Bubble-
less firms (B = 0) continue to be bubble-less in subsequent periods. Regarding a bubbly
firm (B > 0) that does not exit the market, its bubble component can collapse (hit by
a negative sentiment shock) with a probability 1 − pb. With probability pb, the bubble
component rolls over. Firms are subject to the negative sentiment shock with a common
probability. However, the realization of the bubble crashes is independent across firms.
Among those firms whose bubble components carry over to the next period, we assume

that their bubble components evolve according to B′ =
(

1
R · pb · po (λ,µ,k′)

)−1
B; thus, the

process that governs the dynamics of the bubble component is

B′ =

0, with probability 1− pb(
1
R · pb · po (λ,µ,k′)

)−1
B, with probability pb

(21)

where po (λ,µ,k′)≡
∫

Φ′ dJo (λ′,µ′|λ,µ) . Jo (λ′,µ′|λ,µ) denotes the transition probability of
λ and µ conditional on the roll-over of the bubble component. po (λ,µ,k′) is the survival
probability if the firm does faces no bubble crash in the next period.
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The discounted value of the next period’s bubble is equal to

1
R

∫
Φ′

B′dJ
((

λ′,µ′|λ,µ
))

= pb · 1
R

∫
Φ′

(
1
R
· pb · po (λ,µ,k′

))−1

BdJo (λ′,µ′|λ,µ
)

=
(

po (λ,µ,k′
))−1 B

∫
Φ′

dJo (λ′,µ′|λ,µ
)

= B.

Hence, equation (21) guarantees equation (20) to hold. The process (21) ensures that the
bubbles are consistent with investor optimality and rational expectations while maintain-
ing the model’s tractability. As in Galí (2014) and Martin and Ventura (2016), bubbles
follow a “backward-looking” process so that the size of future bubbles (if bubble crashes
do not occur) can be specified, given the current bubble size. The “backward” feature of
the process facilitates our analysis because we can record the dynamics of bubbles on a
given route.14

A key feature of (21) is the idiosyncratic bubble crashes. Hence, our model allows
for the coexistence of bubbly and bubble-less firms. Equation (21) also implies that the
growth rate of bubbles is increasing in the probability of a bubble crash and firm exit.
Intuitively, bubbles must grow fast enough to compensate for the possible loss if firms
are likely to exit or if bubbles are likely to crash. Alternative processes of bubbles con-
sistent with investor rationality exist. However, these alternative processes do not affect
the existence of bubbles’ effects along the extensive margin and the selection effects of
bubbles emphasized in this study. Our approach is a simple method for incorporating
idiosyncratic bubble crashes.15

Discussions We now discuss three features of the model. First, by relaxing the no-
bubble condition, idiosyncratic states µ of a firm include the size of its bubble B, in addi-
tion to idiosyncratic productivity ϕ. To confirm this feature, recall that firms exit if

Vc (λ,µ,k) < Vx (k) .

14Galí (2014) and Martin and Ventura (2016) state that there are multiple possible backward-looking
solutions of bubbles that are consistent with investor rationality. See also Galí (2020) and Asriyan et al.
(2020). In contrast, Farhi and Tirole (2012), Miao and Wang (2018) characterize the size of bubbles through
forward-looking solutions. Miao et al. (2019) discuss the differences between the two approaches.

15As stated by Galí (2014) and Martin and Ventura (2018), how to choose the process is still debated.
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Bubbles enhance the value of continuation and reduce the probability of firms exiting.16

The model could be solved by imposing/assuming that the policy function and value
functions do not depend on B. Such a solution is valid. However, this is equivalent
to imposing the no-bubble condition.17 This study relaxes the no-bubble condition and
focuses on the case with B > 0.

Second, studies on rational bubbles focus on discrete aggregate bubble shocks: shocks
that shift the entire economy between a bubbly state and a bubble-less state.18 In our
model, bubble shocks can be captured by continuous changes in pb. A decrease in pb

implies a lower likelihood to roll over the bubble component. If pb drops to 0, the entire
economy shifts to a bubble-less state. In Section 4, we study the transition dynamics
(perfect-foresight equilibrium paths) following unexpected changes in pb.

Finally, sustainable bubbles are essential for a bubbly equilibrium; that is, the aggre-
gate bubble-output ratio has to be stationary. The economy would eventually deplete its
resources if bubbles persistently outgrow its output, and thereafter such equilibrium does
not exist. Section 3.4 discusses the condition under which a bubbly BGP is sustainable.

3.3 New Cohorts and Firm Entry

Only newborn households have the opportunities to create new firms. We assume that
each individual of the new generation has access to a unit continuum of projects. Projects
can become firms that eventually produce. These projects are called potential entrants. The
problems of potential entrants are similar to that of incumbents: they choose whether
to produce in the following period, that is, to enter the market or not. If they decide
to produce, they choose the amount of investment. Each potential entrant has its own
realization of productivity and bubble. A potential entrant’s productivity is drawn from
the distribution

ϕt ∼ log N

(
−m

σ√
1− ρ2

,
σ2

1− ρ2

)
,

16One might be concerned that Vc is possibly independent from B. Conversely, assume that Vc is inde-
pendent from B. Then, it can be inferred from equations (14)-(17) that the fundamental component Fc is
independent from B, too. Hence, Vc − Fc is independent from B, which contradicts Vc = Fc + B for B > 0.

17For example, recall that in Section 2, if V is expressed as a function of d, there exists a unique solution
to equation (1): Vt = V(d) = R

R−1 d. However, if V is expressed as a function of d and Bt, then Vt = V(d, Bt) =
R

R−1 d + Bt with Bt =
1
R Bt+1.

18See, e.g., Martin and Ventura (2012) and Miao and Wang (2018).

13



where m captures the possible difference between the initial productivity draw and the id-
iosyncratic productivity process (13).19 Without the loss of generality, we assume that the
investors are optimistic about a potential entrant with probability pb—the same parame-
ter that governs the survival of existing bubbles. If investors are optimistic, the potential
entrants receive an initial bubble B0 before their entry.

Analogous to incumbents, potential entrants can only issue tradable equity if they
decide to produce in the subsequent period. Potential entrants enter the market if and
only if the value of entry is non-negative:

Ve (λ,µ) ≥ 0. (22)

Potential entrants start with zero capital stock. Hence, the value of entry is:

Ve (λ,µ) = Vc (λ,µ,0) . (23)

Following (19), the value of entry can be decomposed into the sum of a fundamental and
bubble component. The latter is equal to B0 or 0 depending on the realization of market
sentiment. We define entrants as the potential entrants who decide to enter.

3.4 Bubbly Balanced-Growth Path

A dynamic equilibrium consists of value functions, decision rules, prices, and the mea-
sure of firms, which satisfy the optimality conditions of firms and households, and clear
all markets. Besides, in equilibrium, the measure (number) of firms’ law of motion is
consistent with the decision rules of investment, entry, and exit. We introduce a formal
definition of equilibrium in Appendix B.3.

We characterize the equilibrium path for a given pair of pb and B0, which are exoge-
nously determined. Appendix B.4 describes the solution method to obtain the equilib-
rium path.20 Here, we discuss the condition under which a bubbly BGP is sustainable.
Along the BGP, the relative composition of firms remains stable, while the total amount

19Although potential entrants draw productivity, they do not produce prior to entry. One may label the
initial draw as the advance information about future productivity upon entering the market.

20For prefixed B0 and process (21), we take as given that there exists a unique equilibrium path. We
follow the typical procedure adopted in the literature by verifying that our iterative numerical solution
leads to the same results, given different initial guesses of value functions. As in Galí (2014) and Asriyan
et al. (2020), our model features multiple equilibria that are characterized by various combinations of pb

and B0: when feeding the model different pb and B0, we find a different equilibrium paths that satisfies the
definition in Appendix B.3.
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of firms increases at rate g. In Section 4, we calibrate the BGP and study the transition
dynamics. The discussions in the remaining of the current section are similar to those
provided in Section 2.2.

At the firm-level, no upper bound exists for the size of bubbles, as indicated by equa-
tion (21). However, the aggregate bubble must be bounded relative to the aggregate out-
put for the equilibrium to be sustainable. In the presence of firm entry and exit, the
firm-level explosiveness of bubbles does not lead to the explosiveness of an aggregate
bubble because in every period, firms with large bubbles exit the market and new firms
with smaller bubbles replace them. Next, we show that, if R < 1 + g, a bubbly BGP is
sustainable.

In the equity market, the total amount of tradable bubbles BA is equal to

BA = BI + BN,

where BI and BN denote the amount of bubbles attached to surviving firms and entrants,
respectively. Since there is no aggregate uncertainty, according to (21), we have

B′I =
∫ [( 1

R
· pb · po (λ,µ,k′

))−1

B

]
·
[

pb · po (λ,µ,k′
)]

dη
(

ϕ, B,k′
)

= R
∫

B · dη
(

ϕ, B,k′
)
= RBA, (24)

where η (ϕ, B,k′) represents the distribution of the incumbents and entrants. Therefore,
the law of motion for the aggregate bubble is given by

B′A = RBA + B0M′. (25)

Here, BN = B0M, where M denotes the number of bubbly entrants. The bubble-output
ratio follows

B′A
Y′

= R
BA

Y
Y
Y′

+
B0M′

Y′
. (26)

On the BGP, both the measure of bubbly entrants M and the aggregate output Y grow
at the rate g. Thus, (26) can be rewritten as

b′ =
R

1 + g
b + b0,
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where b ≡ BA
Y denotes the bubble-output ratio and b0 ≡ B0 M0

Y0
. The bubble-output ratio

follows a stationary process as long as R < 1 + g. Indeed, the ratio stays at a constant(
1− R

1+g

)−1
b0 on the BGP.

The bubble–output ratio stays at a constant on the BGP. At the firm level, bubbles grow
faster than the rate of return on investment because of the likelihood of a bubble crash
and firm exit. In the aggregate, however, owing to firm exits and idiosyncratic bubble
crashes, the aggregate bubble from continuing incumbents grows at the same rate as the
investment return. A BGP is sustainable insofar as the growth rate of output exceeds the
rate of return from investments.

4 Results

Calibration We calibrate our model on a BGP. Table 1 presents the parameter values.
The model is in annual frequency. Panel A lists the pre-assigned parameters. We set the
discount factor β = 0.98, the decreasing returns to scale α = 0.65, and the capital depreci-
ation rate δ = 0.1. The processes of the idiosyncratic productivity shocks are calibrated to
the estimates provided by İmrohoroğlu and Tüzel (2014): ρ = 0.7 and σ = 0.38. We set the
growth rate g to 2.81%, which corresponds to the average growth rate of real GDP in the
United States between 1976 and 2019.

In our analysis of BGP and transition dynamics, we focus on the scenario where R =

β−1.21 T does not affect the target moments or the impulse responses studied. This study
assumes a sufficiently large T such that the computed equilibrium paths are consistent
with household rationality.22 The BGP is sustainable because R < 1 + g.

Panel B reports the remaining parameters estimated to minimize the distance between
the selected targets and their model-implied counterparts. First, using data from the Busi-
ness Dynamics Statistics, we target the share of new establishments, and those of age 4.
These two moments are related to business dynamism and firm life cycles.23 Second, we
target PE ratios and consider two groups of firms in Compustat: firms above the 75th per-
centile of assets and those below. We treat the groups as two portfolios and calculate their

21In equilibrium R cannot be smaller than β−1; otherwise the equity market cannot clear. We do not
consider the case R > β−1 in which finding R in equilibrium is computationally expensive.

22Household rationality requires households to consume all their wealth before they die and thus the
aggregate consumption to be at least as great as the wealth of the oldest cohort. Appendix B.5 demonstrates
that the aggregate consumption is at least as great as the wealth of the oldest cohort provided that T is
sufficiently large.

23We calculate the shares of tradable firms, i.e., the firms that exist at the end of a period.
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Panel A: Fixed Parameters
Parameter Description Value
α Decreasing returns to scale 0.65
ρ Idiosy. shock persistence 0.70
σ Idiosy. shock volatility 0.38
δ Depreciation rate 0.10
β Discount factor 0.98
g Growth rate 2.81%

Panel B: Estimated Parameters
Parameter Description Value
m Mean shift of entrants’ prod. 1.63
b0 Initial bubble component 443.57
c f Fixed cost of production 15.57
c0 Fixed adjustment cost 8.60 · 10−4

c1 Variable adjustment cost 0.039
pb Surviving probability of a bubble 0.92

Table 1: Parameters

average PE ratio between 1976 and 2016.24 In the model, we match the two moments with
the corresponding PE ratios for the firms that have survived at least 20 years. Finally, we
target investment-related moments, including the average investment rate, inaction rate,
and dispersion of investment rate, as reported by Zwick and Mahon (2017).25 Table 2
reports the targeted moments in the data and the counterparts generated in the model.
Overall, our model fits the selected moments well, except that the calibrated model un-
derpredicts the PE ratio of big firms. However, the model matches the qualitative pattern
in the data that the PE ratio decreases in size.

4.1 Firms’ Life Cycles

Figure 1 plots the evolution of the exit rate, productivity, and capital of an average firm
by age. We plot the life cycles of an average bubbly and bubble-less firms. The bubbly

24Firms’ earnings can be negative in the data, which distorts the ranking of the PE ratio as a proxy for
the degree of over-value of a firm. In the calculation of the two PE ratios, we exclude observations with
negative earnings. In the calibration of the model, we apply the same filter.

25These moments can be found in Zwick and Mahon (2017)’s Appendix, Table B.1, Balanced Sample. To
mimic their balanced sample, model moments are computed from firms that are alive for at least 12 years
(the time dimension of their balance panel data) in the simulated panel data.
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Moment Data Model
Share of new establishments 0.087 0.077
Share of four-year-old establishments 0.045 0.056
PE ratio of firms above 75th percentile of assets 16.36 8.50
PE ratio of firms below 75th percentile of assets 18.93 20.25
Investment inaction rate 0.237 0.220
Average investment rate 0.104 0.141
Standard deviation of investment rate 0.160 0.138

Table 2: Calibration Targets and Model Fit

labels those firms whose asset prices exceed their fundamental values. For both groups of
firms, their capital and productivity increase in age. Therefore, older firms are less likely
to exit.

Within an age cohort, an average bubbly firm features a lower exit rate, less capital,
and a lower productivity across the entire life cycle than the respective variables of an
average bubble-less firm. These results reflect that bubbles encourage the entry of the
firms that otherwise would not enter the market without bubbles. Furthermore, with an
asset bubble, firms have less incentive to exit. Consequently, bubbly firms are, on average,
less productive and they accumulate less capital over the life cycle.

4.2 Impulse Responses Functions

We now analyze the impacts of a bubble shock. To this end, we feed in an unexpected
innovation to pb at t = 0, and the innovation decays at rates ρp = 0.5.26 The economy is
assumed to return to its steady state (BGP) at t = 100. The IRFs are then computed under
the perfect foresight assumption.

Figure 2 plots the IRFs of selected variables. The bubble shock is normalized to have
a unit impact on the aggregate real asset price, which is defined as the average price of
firms having survived for at least 20 years. The choice of aggregate asset price is to mimic
the use of S&P 500 as the aggregate asset price in the data, as well as in the calibration of
the model. Two results are obtained. First, a bubble shock affects real economic activities.
Second, while as a bubble shock has peak effects on asset prices and its non-fundamental
component in the short run, its effects on real economic activities are slow-moving and
hump-shaped.

26Results are robust for using alternative values of ρp ∈ [0,1).
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Figure 1: This figure plots the evolution of the exit rate, productivity and capital of an average firm by
age.

A positive bubble shock affects the aggregate output through its effect on the total
number of firms. The output per firm decreases because, through the selection effect of
bubbles, the average productivity decreases at the firm-level. However, the aggregate
TFP, measured as the Solow residual (in natural logarithm: t f p = yt − αkt), increased af-
ter a positive bubble shock because of the decreasing return to scale and the increase in
the number of firms. Firms that otherwise would exit the market or not enter the mar-
ket in the absence a bubble shock contributes positively to the aggregate TFP because of
the decreasing return to scales. Expansionary bubble shock increases household’ wealth,
which, in turn, improves social welfare (bottom panel of Figure 2). Social welfare is de-
fined as the discounted sum of the lifetime utility of all living households Ut ≡

∫
Uitdi,

where Uit = Eit ∑T−1
τ=0 βτCit+τ.27

Bubble shocks affect real economic activities along the extensive margin. An increase
in the total number of firms is a result of the decline in the rate of exit and more entrants

27Appendix B.6 shows that the social welfare at time t is equal to the aggregate wealth held by living
individuals at time t.
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Figure 2: This figure plots the IRFs to a positive bubble shocks in the model. The shock is normalized to
increase the real asset price on impact by 1%.

(Figure 3). In the presence of bubbles, firms have more incentive to enter the market and
are less likely to exit. Interestingly, the entry rate shows an overshooting pattern because,
in response to an expansionary bubble shock, there is a faster increase in the number of
entrants than in the total number of firms in the short run but slower in the medium-
run. The total number of exiting firms decreases in the short run, followed by a persistent
increase in the medium-run. This result is driven by the increase in the total number of
firms: holding the exit rate constant, an increase in the total number of firms leads to a
higher number of firms that exit.

Overall, a heterogeneous firms model is developed with endogenous entry and exit
that allows for asset bubbles. This study shows how aggregate bubble shocks affect the
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Figure 3: This figure plots the IRFs to a positive bubble shocks in the model. The shock is normalized to
increase the real asset price on impact by 1%

economy in this framework. A standard model without bubbles is a special case in this
framework. Theoretically, it is possible that the actual economy does not feature bubbles.
In the remaining of the paper, empirical exercises are conducted to support the existence
of bubbles in the data and their transmission mechanism.

5 Empirical Evidence

Section 5.1 constructs a proxy for the fundamental component (and the corresponding
non-fundamental component) of the asset prices. Section 5.2 discusses the identification
strategy. Section 5.3 presents empirical findings. Section 5.4 discusses the confounding
issue that might arise in the baseline specification, and provides robustness checks of the
main empirical findings by controlling for risk premium shocks, monetary policy shocks,
and credit supply shocks.
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5.1 A Proxy for the Fundamental Component

We study the portfolio of the top 500 firms (S&P 500) listed in the United States. The exact
composition of this portfolio changes over time without affecting the representativeness
of this asset. Let Pt denote the value of the portfolio that yields a stream of dividend (Dt).
As discussed previously, the value (price) of such a portfolio can be decomposed into a
fundamental component (Ft) and a bubble component (Bt)

Pt = Ft + Bt, (27)

The fundamental component is the net present value of future dividends:

Ft ≡ Et

{
∞

∑
h=1

(
h−1

∏
j=0

Λt+j

)
Dt+j

}
, (28)

where Λt+j is the discount factor. Log-linearizing Equation (28) leads to

ft = c +
∞

∑
h=0

(
Γ
R

)h [(
1− Γ

R

)
Et{dt+h+1} − Et{rt+h}

]
, (29)

where a variable in lower case denotes its log value and rt denotes −log(Λt). Γ and R
denote the growth rate of dividend and 1/Λt in the steady state, respectively. This paper
uses the price-fundamental differential component and the non-fundamental component
interchangeably to describe the term: pt − ft.

Our identification of "bubble shocks" relies crucially on the measure of the price fun-
damental differential component; however, the fundamental component ft is not directly
observed in the data. Following Campbell and Shiller (1988) and Galí and Gambetti
(2015), we construct a proxy of this unobserved component using VAR forecasts, and
thus obtain a proxy for the corresponding price-fundamental differential component. We
consider a VAR consisting of the following variables: TFP, real GDP (yt), real dividend
(dt), real stock price (pt), real interest rate (rt) and the total number of firms (Nt). The
choice of variables contained in our VAR is motivated by our theoretical model.

Let Yt ≡ [TFPt, yt, dt, pt, rt, Nt]
′, the reduced form representation of our VAR model

is

Yt = B(L)Yt + Ut, (30)

22



where L is the lag operator and B(L) is the matrix of lag order polynomials. Using the
VAR’s forecasts as the empirical proxies for Et{dt+h} and Et{rt+h}, the construction of
a proxy for the fundamental component according to (29) is straightforward. Appendix
D provides the details regarding the source and sample coverage of the data set used in
this study. In Appendix E, we demonstrate that the linear VAR adopted in this paper is a
good approximation of our non-linear model introduced in Section 3. Moreover, using the
data simulated from the theoretical model discussed in Section 4, Appendix E provides a
simulation exercise illustrating that the proxy for the fundamental component constructed
based on the VAR mimics the true fundamental in the model.

Having mentioned these, the constructed measure of pt − ft does not necessarily co-
incide with the true price-fundamental differential for two reasons. First, the VAR’s fore-
casts of dt+h and rt+h at time t might be different from the rational expectations of the
corresponding variables. Second, in the empirical application, we use the real rate con-
structed from Moody’s Baa Corporate Bond Yield to approximate the discount factor.28

As will be discussed later, the medium-run restriction searches for the shock that max-
imizes the forecast error variance decomposition of our proxy of the non-fundamental
component, controlling for fundamental shocks. Despite the proxy of the price-fundamental
differential being merely a proxy, the identification strategy remains valid as long as the
uncontrolled fundamental shocks are not as important as bubble shocks in explaining
our proxy of the non-fundamental component. Moreover, in Section 5.4, we conduct ro-
bustness checks controlling for risk premium shocks, monetary policy shocks, and credit
supply shocks; the results are similar to our baseline findings. Figure 6 plots the decom-
position of the S&P 500 based on the estimation of our VAR.

5.2 The Identification of "Bubble Shocks"

This section constructs the "bubble shocks" using the medium-run restriction, as pio-
neered by Uhlig (2003, 2004). In the literature, the medium-run restriction is widely used
to identify news shocks (Barsky and Sims 2011) and other structural shocks (Zeev and
Pappa 2017 and Ben Zeev et al. 2017). More recently, Levchenko and Pandalai-Nayar
(2020) use this strategy to identify sentiment shocks in an open economy.

The "bubble shocks" are identified as the shocks that maximize the forecast error vari-
ance decomposition (FEVD) of the constructed price–fundamental differential (pt − ft) in

28Galí and Gambetti (2015) use risk free rate as the discount factor. Our empirical findings are robust to
this alternative choice.
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the subsequent H periods, controlling for productivity shocks (unanticipated and antic-
ipated shocks in the near future) in the baseline; selected structural shocks such as risk
premium shocks, and credit supply shocks, and shocks to the short-term interest rate in
robustness checks.29 The identification strategy assumes that: fluctuations in our proxy
of the non-fundamental component are mainly driven by sentiment/bubble shocks; fun-
damental shocks, particularly the ones that are not controlled for in the VAR, have limited
impacts on the proxy of the non-fundamental component. Appendix C provides in-depth
discussions of the identification issue and the construction of the "bubble shocks".

There are two points to be clarified. First, our identification strategy targets the proxy
of the non-fundamental component instead of the true non-fundamental component. The
noise introduced in the construction of the price-fundamental component does not detri-
ment the identification of bubble shocks if the latter explain most of the fluctuations in
the constructed non-fundamental component. Section 5.4 conducts robustness checks by
including additional variables—measures of risk premium, credit supply, and monetary
policy—into the baseline VAR. Estimation results confirm that the baseline findings are
robust to alternative proxies of the non-fundamental component arising from different
VAR specifications. .

Second, in the baseline specification, we do allow other shocks, such as risk premium
shocks, to have significant impacts on asset prices. The validity of the identification re-
quires the response of the proxy of the fundamental component to be similar to the response
of asset prices so that the overall response of the constructed price-fundamental differential
is small. Nevertheless, there might exist fundamental shocks that do not conform to this
requirement. To address this issue, we control for productivity shocks (unanticipated and
anticipated) in the baseline, and shocks to interest rate, risk premium, and credit supply
in robustness checks. Overall, the empirical findings are similar both qualitatively and
quantitatively across specifications. More importantly, the empirical effects uncovered in
this section are consistent with the impulse responses displayed in Section 4.2.

We control for anticipated productivity shocks (news shocks) up to 3 years ahead, and
we set H = 40. The number of lags is chosen to be 4. Γ

R is calibrated to 0.98 in the empirical
analysis. Results are robust to alternative calibrations of Γ

R .

29In contrast to Jordà et al. (2015) and Brunnermeier et al. (2020), who construct dates for the boom-bust
of asset prices, our approach provides a time-series of "bubble shocks".
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5.3 Results

Figure 7 plots the identified "bubble shocks". The shaded areas indicate the five recessions
occurring in the sample. Each recession is associated with a big negative "bubble shock".

Figure 4: This figure plots the impulse response functions to a one standard deviation "bubble shock"
estimated based on the baseline SVAR. The shaded areas indicate the 95% confidence bands.

Figure 4 reports the impacts of positive "bubble shocks" on the aggregate economy
in our baseline. Following Kilian (1998), we construct standard errors from 2000 bias-
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corrected bootstraps. The shaded areas indicate the 95% confidence bands. Two features
should be highlighted from these IRFs. First, a positive "bubble shock" has expansionary
effects: it has positive impacts on real asset price, real GDP, and the aggregate TFP. Sec-
ond, while the "bubble shock" has peak effects on asset prices and its non-fundamental
component on impact (within a year), its effects on real economic activities are slow-
moving and hump-shaped. These results are consistent with the effects of bubble shocks
in the model.

More importantly, the transmission of "bubble shocks" in the data along the extensive
margin is relevant: a one standard deviation "bubble shock" increases the total number of
firms by roughly 0.5%, persistently.

To better understand the effects of "bubble shocks" along the extensive margin, we es-
timate the responses of other measures of firm dynamics to "bubble shocks". Particularly,
we include the number of new firms, the entry rate, the number exiting firms, and the
exit rate into the empirical analysis. To avoid the curse of dimensionality, we include one
variable of firm dynamics at a time. The red lines and the shaded area in Figure 5 show
how the "bubble shocks" affect other measures of firm dynamics. Each row reports the
results estimated from a separate SVAR model. The first row in Figure 5 reports the IRFs
of the selected variables estimated from the baseline VAR considered earlier, and these re-
sults have been discussed before. They are repeated in Figure 5 to facilitate comparisons.
The last four rows report the results estimated from separate VAR models by replacing
the total number of firms by the number of new firms, the entry rate, the number of exit-
ing firms, and the exit rate, respectively. The "bubble shocks" are normalized to have unit
positive effects on real GDP at the horizon 10. The real effects of "bubble shocks" on real
GDP revealed in the baseline are robust to alternative specifications (left column, Figure
5).

Figure 5 demonstrates that in a boom driven by our identified "bubble shocks", both
the total number of firms and the number of new firms increase. While the number of
new firms increases in the short run, the increase in the total number of firms is more
persistent in the medium-run. Therefore, the entry rate increases in the short run and
declines persistently in the medium-run. The exit rate decreases. The total number of
exiting firms decreases in the short run, followed by a persistent increase in the medium-
run. The last result is driven by the rise in the total number of firms: Holding the exit
rate constant, an increase in the total number of firms leads to a higher number of exiting
firms.
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Figure 5: This figure plots the IRFs to positive bubble shocks in the model (blue lines) together with the
estimated IRFs from the data (red lines). The shocks are normalized to have unit positive effects on real
GDP at the horizon 10 for point estimates. The first row reports the IRFs estimated from the baseline VAR
considered in Section 5.1. The last four rows report results estimated from separate SVARs, replacing the
total number of firms by the number of new firms, the entry rate, the number of exiting firms, and the exit
rate, respectively. The shaded areas indicate the 95% confidence bands.
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Figure 5 plots the predictions of the model (blue lines) together with the empirical
findings (red lines). We introduce bubble shocks in the model such that the response of
the real GDP in the model matches those estimated in the data (left column, Figure 5).
Then, we compare the IRFs of firm dynamics variables to a bubble shock in the model
to the counterpart estimated in the data in response to the "bubble shock" (right column,
Figure 5). The empirical IRFs are constructed with estimation uncertainty: confidence
bounds. For comparison, we compute two sets of IRFs from the model. The blue dashed
lines report the responses to a, relatively bigger, bubble shock that matches the upper-
bound effects on real GDP revealed in the data. Similarly, the blue dash-dotted lines are
constructed by shocking the model economy with a, relatively smaller, bubble shock that
matches the lower-bound effects on real GDP revealed in the data.

The blue lines (model’s predictions) in Figure 5 overlap with the red shaded area
(data). Specifically, the IRFs of firm dynamics variables to a bubble shock in the model
qualitatively and quantitatively match the IRFs to the identified shock in the data.

Simulation exercises conducted in Appendix E demonstrate that applying the medium-
run restriction to the data simulated using the model uncovers the true IRFs in Section 4.2.
Those IRFs are comparable to their empirical counterparts in Figure 4; however, conduct-
ing the same exercise using the data simulated from the model without bubbles fails to
produce the empirical findings presented in Figure 4.

5.4 Robustness Checks

This section demonstrates that the baseline empirical findings are robust to alternative
specifications that control for risk premium shocks, monetary policy shocks, and credit
supply shocks, separately.

Risk Premium Shocks The main concern about the identification strategy in the base-
line specification is that there might exist other fundamental shocks that contribute signif-
icantly to the fluctuations in the constructed price-fundamental differential component.
One important candidate of the confounding shocks is the risk premium shock.

One might question the validity of the identification strategy basing on the argument
that the risk premium shock is one of the main drivers of asset price fluctuations. This
criticism is not entirely accurate. For the risk premium shock to be troublesome, it needs
to have significant contribution to the variations in the proxy of the price-fundamental dif-
ferential component. In the baseline specification, we do allow for the possibility that risk
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premium shocks can have significant impacts on asset prices. The implicit assumption
made in the baseline analysis is that the response of the proxy of the fundamental com-
ponent to risk premium shocks is similar to the asset prices’ response so that the overall
response of the constructed price-fundamental differential is small. Nevertheless, this
might still be a strong assumption.

To address this concern, we conduct a robustness check controlling for risk premium
shocks. Specifically, we control for shocks that have impact effects on the Volatility In-
dex (VIX). Carr and Wu (2009) and Bekaert et al. (2013) document that the VIX contains
a risk premium component that reflects risk aversion in financial markets. Therefore,
controlling for the VIX mitigates the confounding problem with risk premium shocks de-
scribed above. If omitting risk premium were indeed a problem, we would expect to see
big changes in the estimated IRFs; however, Figure 8 shows that this is not the case. By
controlling for risk premium shocks, the estimated IRFs, particularly the responses of the
key variables that this article emphasizes—real GDP and the total number of firms—are
similar to those obtained in the baseline.

Monetary Policy Shocks Omitting monetary policy shocks could also lead to the con-
founding problem. To address this, we construct "bubble shocks" controlling for shocks
to the short-term interest rate. Figure 9 presents the estimation results: the IRFs of the key
variables are similar to those obtained in the baseline model.

Other Financial Shocks: the Credit Supply Shocks Shocks to the credit market—the
excess bond premium measure (credit supply shocks) proposed by Gilchrist and Zakra-
jsek 2012)—can have large effects on asset prices, and possibly, contribute to the fluctua-
tions in the constructed price-fundamental differential component significantly. We con-
struct the "bubble shocks" by controlling for shocks that have impact effects on the excess
bond premium. Figure 10 shows that the main message of the paper remains unchanged.
Finally, Figures 11 and 12 show that the empirical findings are robust to alternative cali-
brations of Γ

R .

6 Discussions and Future Research

Public Listing In the model, we assume that the value of any firm, including new firms,
can have a bubble component. This assumption seemingly contradicts the common nar-
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rative that only publicly listed firms might be traded with bubbles in the real world. We
offer two arguments that defend the assumption.

First, when a non-publicly-listed firm is to be sold, its value can contain a rational
bubble component as long as the buyer believes that the bubble component would roll
over and future buyers would pay for this bubble component.

Second, conditional on the existence of rational bubbles, the common narrative that
only publicly-listed firms have the bubble component is inconsistent with rational expec-
tations. Consider a slightly more complicated version of the model: firms can become
publicly listed once their capital stocks reach a cutoff level, and the process of IPO incurs
zero cost. It would be a mistake to assume that bubble components can only be obtained
when firms become listed. The reason is the following: Even if a firm does not reach the
cutoff level of capital to be listed, as long as it has a positive probability to be listed in
the future, rational expectations ensure that a positive bubble component is attached to
the value of this firm.30 Therefore, rational expectations imply that both listed firms and
non-listed firms contain bubble components.

Friction-less Markets One important distinction between our paper and other recent
works of rational bubbles is our assumption of plain-vanilla competitive markets.31 The
vast literature of macro-finance highlights the importance of financial frictions in the
propagation of financial shocks. Previous studies of rational bubbles typically feature fi-
nancial frictions as well.32 The literature argues that bubbles act as collateral or liquidity,
and thus could relax financial constraints. One example of how this mechanism works is
the following: When firms are subject to collateral constraint, bubbles can increase firms’
collateral value and raise their borrowing capacity. Consequently, an increase in the ag-
gregate bubble raises the aggregate output along the intensive margin.33

30Note that the reasoning above does not require zero cost of IPO. As long as the bubble component to
be obtained upon IPO is higher than the cost of IPO, firms always choose to be listed once they reach the
threshold. Therefore, positive bubble components always exist on the firms that will possibly become listed
in the future.

31Although our model is abstract from market frictions, it does feature a real friction: capital adjustment
cost. We incorporate capital adjustment cost to better account for firm life cycles. It is worth noting that
bubbles affect firm entry and exit regardless of the existence of capital adjustment cost.

32For example, see Martin and Ventura (2012), Miao and Wang (2018), Ikeda and Phan (2019). See, also,
Olivier (2000) and Queiros (2019) who model asset bubbles in frictional goods markets.

33In a model with financial frictions, it is indeed questionable whether bubble shocks can be disentangled
from other financial shocks, like the shocks studied by Jermann and Quadrini (2012), and Gilchrist and
Zakrajsek (2012), since a shock to bubbles is also a shock to financial constraints. One may thus interpret
bubble shocks as a way to model financial shocks in a frictional environment.
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The framework in the current study shows that, even in the absence of market fric-
tions, investor optimism can give rise to an asset price boom and an aggregate output
expansion. This result rests on the mechanism that bubble components directly affect the
entry and exit decisions of firms. The mechanism is a natural outcome after relaxing the
no-bubble condition in an otherwise standard firm dynamics model. In fact, bubbles in
our model can affect the real economic activities only through their effects on firm entry
and exit. Bubble components would have no real effects if one substitutes our assump-
tions of endogenous firm entry and exit by assuming inelastic entry and exit, i.e., firms’
entry and exit are independent to the continuation value.

Results presented in Section 4.2 can be viewed as a friction-less benchmark for the
true impulse responses of an aggregate bubble shock in the real world. To incorporate
frictional financial intermediaries is beyond the scope of this paper.34 As it is already
uncovered in previous studies, in the presence of financial frictions, bubbles relax firms’
financial constraints and thus, boost the real economic activities along the intensive mar-
gin. Therefore, financial frictions might further amplify the effects of bubbles on real
economic activities.

Alternative Interpretation of Empirical Findings The empirical findings support the
transmission channel of rational bubbles discussed in this study; however, our model
may not be the only explanation of the data. Section 5.4 presents evidence that three well-
known financial shocks—risk premium shocks, credit supply shocks, and shocks to the
short-term interest rate—that we control for in the VAR do not drive the empirical find-
ings. Nevertheless, we can not fully exclude the existence of other financial shocks that
may also explain the findings. Further studies that address this potential issue of obser-
vational equivalence can enhance our understanding of the source and consequences of
fluctuations in the asset prices.

Having said this, asset booms caused by rational bubbles differ from booms origi-
nating from other financial shocks in terms of policy implications. For example, Galí
(2014) demonstrates that bubbles and fundamental components react differently to mon-
etary policy shocks. Particularly, a positive monetary policy shock increases bubbles,
but depresses fundamental components. Therefore, extending our framework to conduct
monetary policy analysis might offer unique insights otherwise absent in models featur-

34In a companion paper, Tang and Zhang (2021), we develop a model of heterogeneous firms that have
access to a frictional debt market, but no access to an equity market, and study the bubbles in the debt
market.

31



ing asset booms of a different origin. The joint analysis of firm dynamics and monetary
policy in a bubbly versus a bubble-less economy needs further investigation.

7 Conclusion

The present study examines the effects of bubbles in a heterogeneous firm model with en-
dogenous entry and exit. The framework introduces a new transmission channel through
which asset bubbles affect real economic activities. Bubbles have both micro- and macro-
level implications. At the firm-level, this study shows the selection effect of bubbles:
low-productivity firms enter/stay in the market due to the presence of bubbles. At the
aggregate level, we emphasize the effects of bubbles along the extensive margin: an in-
crease in the aggregate bubble enhances real economic activities by increasing the number
of new firms and decreasing the exit rate.

Basing on a structural vector autoregressive model, we identify "bubble shocks" as
the shocks that maximize the forecast error variance decomposition of the constructed
non-fundamental component of the S&P 500, controlling for fundamental shocks such as
the TFP, risk premium, monetary policy, and credit supply shocks. In the data, "bubble
shocks" affect the real economic activities, and their effects along the extensive margin are
comparable to the effects of bubble shocks in the model.

This study contributes to understanding the source of fluctuations in the asset prices
and the consequences of changes in the bubble component. The novel transmission chan-
nel of asset bubbles proposed in this study has empirical support in the data. Policymak-
ers should consider these effects while designing policies addressing asset bubbles.
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A Figures

Figure 6: This figure plots the evolution of the real value (in log) of Standard and Poors (S&P) 500 Index
(solid black line with the y-axis on the left-hand side) together with its decomposition (with y-axis on the
right-hand side): the fundamental component (dash-dot blue line) and the price-fundamental differential
(dash red line). The fundamental component is constructed as the present value of future real dividends,
where expected future dividends are constructed in real-time using forecasts based on a vector autoregres-
sive model. Authors’ own calculation.
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Figure 7: This figure plots the identified "bubble shocks". The shaded area indicates the five recessions
occurred in the sample.
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Figure 8: Robustness check I: controlling for risk premium shocks. This figure plots the impulse response
functions to a one standard deviation "bubble shock" estimated based on the a SVAR that controls for TFP
shocks and risk premium shocks. The shaded areas indicate the 95% confidence bands.
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Figure 9: Robustness check II: controlling for shocks to the short-term interest rate. This figure plots
the impulse response functions to a one standard deviation "bubble shock" estimated based on the a SVAR
that controls for TFP shocks and shocks to the short-term interest rate. The shaded areas indicate the 95%
confidence bands.
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Figure 10: Robustness check III: controlling for credit supply shocks. This figure plots the impulse re-
sponse functions to a one standard deviation "bubble shock" estimated based on the a SVAR that controls
for TFP shocks and credit supply shocks. The shaded areas indicate the 95% confidence bands.
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Figure 11: Robustness Check IV: using alternative calibration of Γ
R = 0.99. This figure plots the impulse

response functions to a one standard deviation "bubble shock" estimated based on the SVAR. The shaded
areas indicate the 95% confidence bands.
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Figure 12: Robustness Check V: using alternative calibration of Γ
R = 0.75. This figure plots the impulse

response functions to a one standard deviation "bubble shock" estimated based on the SVAR. The shaded
areas indicate the 95% confidence bands.
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B Appendix for the Model

B.1 The Decomposition of Firms’ Values

Equations (14) and (17) can be further rewritten into

Vc (λ,µ,k) = (1− δ) k− k(1) − g
(

k,k(1)
)
+

1
R

∫
V
(

λ(1),µ(1),k(1)
)

dJ
(

λ(1),µ(1)|λ,µ
)

,

(31)

V (λ,µ,k) = Aϕkα − c f + 1{Vc (λ,µ,k) < Vx (k)}Vx (k) + 1{Vc (λ,µ,k) ≥ Vx (k)}Vc (λ,µ,k) ,
(32)

where a variable X(i) denotes the variable X after i periods, specifically, k(1) = k∗ (λ,µ,k),
k(i) = k∗

(
λ(i−1)µ(i−1),k(i−1)

)
for all i > 1, k∗ denotes the policy function for k.

Moreover, we can expand equation (31) into

Vc (λ,µ,k) = (1− δ) k− k(1) − g
(

k,k(1)
)
+

1
R

∫ [
A(1)ϕ(1)(k(1))α − c f

]
dJ
(

λ(1),µ(1)|λ,µ
)

+
1
R

∫
Ψ(1)

Vx
(

k(1)
)

dJ
(

λ(1),µ(1)|λ,µ
)
+

1
R

∫
Φ(1)

Vc
(

λ(1),µ(1),k(1)
)

dJ
(

λ(1),µ(1)|λ,µ
)

.

(33)

where Ψ(i) ≡
{(

λ(i),µ(i)
)
|Vc
(

λ(i),µ(i),k(i)
)
< Vx

(
k(i)
)}

,

and Φ(i) ≡
{(

λ(i),µ(i)
)
|Vc
(

λ(i),µ(i),k(i)
)
≥ Vx

(
k(i)
)}

.
Define cash inflow π (λ,µ,k) as:

π (λ,µ,k) ≡ (1− δ) k− k(1) − g
(

k,k(1)
)
+

1
R

∫ [
A(1)ϕ(1)(k(1))α − c f

]
dJ
(

λ(1),µ(1)|λ,µ
)

+
1
R

∫
Ψ(1)

Vx
(

k(1)
)

dJ
(

λ(1),µ(1)|λ,µ
)

.

By repeatedly expanding the last term on the right-hand side of (33), the continuation
value Vc (λ,µ,k) can be expressed as

Vc (λ,µ,k) = Fc (λ,µ,k) + Vc
∞(λ,µ,k), (34)
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where

Fc (λ,µ,k) ≡ π (λ,µ,k) (35)

+
1
R

∫
Φ(1)

π
(

λ(1),µ(1),k(1)
)

dJ
(

λ(1),µ(1)|λ,µ
)

+
1
R

1
R(1)

∫
Φ(1)

∫
Φ(2)

π
(

λ(2),µ(2),k(2)
)

dJ
(

λ(2),µ(2)|λ(1),µ(1)
)

dJ
(

λ(1),µ(1)|λ,µ
)

...

+ lim
i→∞

(
i−1

∏
j=0

1
R(j)

) ∫
Φ(1)

· · ·
∫

Φ(i)

π
(

λ(i),µ(i),k(i)
)

dJ
(

λ(i),µ(i)|λ(i−1),µ(i−1)
)

· · ·dJ
(

λ(1),µ(1)|λ,µ
)

,

Vc
∞(λ,µ,k) ≡ lim

i→∞

(
i−1

∏
j=0

1
R(j)

) ∫
Φ(1)

· · ·
∫

Φ(i)

Vc
(

λ(i),µ(i),k(i)
)

dJ
(

λ(i),µ(i)|λ(i−1),µ(i−1)
)

· · ·dJ
(

λ(1),µ(1)|λ,µ
)

, (36)

in which R(0) = R.

B.2 The Bubble Component

We need to show:

Fc (λ,µ,k) + B = Fc (λ,µ,k)

+ lim
i→∞

(
i−1

∏
j=0

1
R(j)

) ∫
Φ(1)

· · ·
∫

Φ(i)

[Fc
(

λ(i),µ(i),k(i)
)
+ B(i)]dJ

(
λ(i),µ(i)|λ(i−1),µ(i−1)

)
· · ·dJ

(
λ(1),µ(1)|λ,µ

)
.
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Note that (20) can be expanded into:

B =
1
R

∫
Φ(1)

B(1)dJ
((

λ(1),µ(1)|λ,µ
))

(37)

=
1
R

1
R(1)

∫
Φ(1)

∫
Φ(2)

B(2)dJ
(

λ(2),µ(2)|λ(1),µ(1)
)

dJ
(

λ(1),µ(1)|λ,µ
)
= · · ·

= lim
i→∞

(
i−1

∏
j=0

1
R(j)

) ∫
Φ(1)

· · ·
∫

Φ(i)

B(i)dJ
(

λ(i),µ(i)|λ(i−1),µ(i−1)
)
· · ·dJ

(
λ(1),µ(1)|λ,µ

)
.

What remains to be proven is:

lim
i→∞

(
i−1

∏
j=0

1
R(j)

) ∫
Φ(1)

· · ·
∫

Φ(i)

Fc
(

λ(i),µ(i),k(i)
)

dJ
(

λ(i),µ(i)|λ(i−1),µ(i−1)
)
· · ·dJ

(
λ(1),µ(1)|λ,µ

)
= 0.

(38)

According to (35), fundamental component can be written into:

Fc (λ,µ,k) = π (λ,µ,k) +
1
R

∫
Φ(1)

π
(

λ(1),µ(1),k(1)
)

dJ
(

λ(1),µ(1)|λ,µ
)

+
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R

1
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∫
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)

dJ
(

λ(1),µ(1)|λ,µ
)
+ · · ·
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(
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∏
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1
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· · ·
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Φ(i)

π
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)
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· · ·dJ

(
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.

Therefore,

Fc (λ,µ,k) = Fc (λ,µ,k)

+ lim
i→∞

(
i−1

∏
j=0

1
R(j)

) ∫
Φ(1)

· · ·
∫

Φ(i)

Fc
(

λ(i),µ(i),k(i)
)

dJ
(

λ(i),µ(i)|λ(i−1),µ(i−1)
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· · ·dJ
(

λ(1),µ(1)|λ,µ
)

.

It is now straightforward to see that (38) holds. Q.E.D.
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B.3 Definition of the Equilibrium

A recursive competitive bubbly equilibrium consists of:35 i) value functions V (λt, ϕt, Bt,kt),
Vc (λt, ϕt, Bt,kt), Ve (λt, ϕt, Bt), ii) policy function k∗ (λt, ϕt, Bt,kt), iii) the measure of en-
trants χt (ϕt, Bt), the measure of potential entrants ω (ϕt, Bt), the measure of surviving
firms ηs

t (ϕt, Bt,kt), the measure of producing firms η
p
t (ϕt, Bt,kt), iv) the process of Bt, and

v) the investment return Rt, such that for all t,
1. V (λt, ϕt,kt, Bt) and Vc (λt, ϕt,kt, Bt) solve the optimization problem of incumbent firms,
which is described by

V (λt, ϕt, Bt,kt) = At ϕtkα
t − c f + max{Vc (λt, ϕt, Bt,kt) ,Vx (kt)} ,

Vc (λt, ϕt, Bt,kt) =

max
kt+1

{
(1− δ) kt − kt+1 − g (kt,kt+1) +

1
Rt

∫
V (λt+1, ϕt+1, Bt+1,kt+1)dJ (λt+1, ϕt+1, Bt+1|λt, ϕt, Bt)

}
,

where

g (kt,kt+1) = c01{kt+1 6= (1− δ) kt} k + c1

(
kt+1 − (1− δ) kt

kt

)2

kt,

Vx (kt) = (1− δ) kt − g (kt,0) ,

k∗ (λt, ϕt, Bt,kt) is the associated policy function for optimal kt+1.
2. The value of firm entry is given by

Ve (λt, ϕt, Bt) = Vc (λt, ϕt, Bt,0) .

3. The process of bubble satisfies

Bt =
1
Rt

∫
Φt+1

Bt+1dJ ((λt+1, ϕt+1, Bt+1|λt, ϕt, Bt)) ,

where Φt+1≡{(λt+1, ϕt+1, Bt+1) |Vc (λt+1, ϕt+1, Bt+1kt+1) ≥ Vx (kt+1)}, kt+1 = k∗ (λt, ϕt, Bt,kt).
4. The measure of entrants is

χt (ϕt, Bt) = Nt

∫
1{Ve (λt, ϕt, Bt) ≥ 0}dω (ϕt, Bt) .

35In this Appendix we modify the state space of functions by replacing µ with ϕ and B. For some
functions we keep only the relevant states. We also add time subscripts.
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5. The measure of surviving firms follows

ηs
t+1 (ϕt+1, Bt+1,kt+1) =

∫
1{Vc (λt+1, ϕt+1, Bt+1,kt+1) ≥ Vx (kt+1)} × 1{kt+1 = k∗ (λt, ϕt, Bt,kt)}

× j (λt+1, ϕt+1, Bt+1|λt, ϕt, Bt)dηs
t (ϕt, Bt,kt)

+
∫

1{Vc (λt+1, ϕt+1, Bt+1,kt+1) ≥ Vx (kt+1)} × 1{kt+1 = k∗ (λt, ϕt, Bt,0)}

× j (λt+1, ϕt+1, Bt+1|λt, ϕt, Bt)dχt (ϕt, Bt) ,

where j (λt+1, ϕt+1, Bt+1|λt, ϕt, Bt) denotes the density of transition probability
J (λt+1, ϕt+1, Bt+1|λt, ϕt, Bt).
6. The measure of producing firms follows

η
p
t+1 (ϕt+1, Bt+1,kt+1) =

∫
1{kt+1 = k∗ (λt, ϕt, Bt,kt)} × j (λt+1, ϕt+1, Bt+1|λt, ϕt, Bt)dηs

t (ϕt, Bt,kt)

+
∫

1{kt+1 = k∗ (λt, ϕt, Bt,0)} × j (λt+1, ϕt+1, Bt+1|λt, ϕt, Bt)dχt (ϕt, Bt) .

7. The investment return

Rt ≥ β−1.

8. The aggregate output is defined by

Yt ≡
∫

At ϕtkα
t dη

p
t (ϕt, Bt,kt) .

The aggregate equity value is defined by

Va
t ≡

∫
Vc (λt, ϕt, Bt,kt)dηs

t (ϕt, Bt,kt) ,

and the aggregate consumption is given by

Ct =Yt − c f
∫

dη
p
t (λt, ϕt, Bt,kt)−∫

[k∗ (λt, ϕt, Bt,kt)− (1− δ) kt − g (kt,k∗ (λt, ϕt, Bt,kt))]dη
p
t (ϕt, Bt,kt) ,

which are subject to

0 <
Va

t
Yt

< ∞,
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0 <
Ct

Yt
< ∞.

B.4 Solution Method

The key to solve the model is to find out fundamental component Fc (λ,µ,k), which fol-
lows

Fc (λ,µ,k) = (1− δ) k− k(1) − g
(

k,k(1)
)
+

1
R

∫
F
(

λ(1),µ(1),k(1)
)

dJ
(

λ(1),µ(1)|λ,µ
)

,

(39)

F (λ,µ,k) = Aϕkα − c f + 1{Vc (λ,µ,k) < Vx (k)}Vx (k) + 1{Vc (λ,µ,k) ≥ Vx (k)}Fc (λ,µ,k) .
(40)

Note that the size of B is independent to the choice of future capital. Therefore, (39) can
be rewritten into

Fc (λ,µ,k) = max
k′

{
(1− δ) k− k′ − g

(
k,k′

)
+

1
R

∫
F
(
λ′,µ′,k′

)
dJ
(
λ′,µ′|λ,µ

)}
, (41)

Equation (41) can also be derived from (17) if we remove bubbles from both sides of the
equation. We can implement value function iteration to solve for Fc (λ,µ,k).

To facilitate our discussion, throughout this appendix we remove the aggregate state λ

and replace the idiosyncratic states µ with ϕ and B. It is worth noting that in our analysis,
we take as given that there exist unique Fc (λ,µ,k), k∗ (λ,µ,k), and ps (λ,µ,k′) for a given
path of B. To check for the uniqueness of the solution, we follow the typical procedure
adopted in the literature by verifying that the solution method leads to the same solution
given different initial guesses.

Balanced-growth-path Hereafter, we focus on a BGP. Given a set of parameters, the
BGP is solved by the following steps.
1. We start by defining grids over idiosyncratic state variables ϕ, B, and k. As for ϕ

grid, we use 9 points that are exponentially spaced, so that the log productivity points are
equally spaced. The process of ϕ is approximated by Rouwenhorst method.36 We use 20
equally spaced points for B grid. We construct a denser grid for k since it is chosen by
firms: we use 90 points that are exponentially spaced.

36See Kopecky and Suen (2010).

50



2. Make guesses for two functions: 1) fundamental component, Fc (ϕ, B,k); 2) the sur-
vival probability in the subsequent period when a firm faces no bubble crash, po (ϕ, B,k′).
po (ϕ, B,k′) is used to pin down the future bubble, if it does not crash. We interpolate fun-

damental component Fc (ϕ′, B′,k′) at B′ =
(

1
R · pb · po (λ,µ,k′)

)−1
B, and combine it with

the transition probability of ϕ, to get

Fe (ϕ, B,k′
)
≡ 1

R

∫
F
(

ϕ′, B′,k′
)

dJ
(

ϕ′, B′|ϕ, B
)

= pb 1
R

∫
F
(

ϕ′,
(

β · pb · po (λ,µ,k′
))−1

B,k′
)

ξ
(

ϕ′|ϕ
)

+ (1− pb)
1
R

∫
F
(

ϕ′,0,k′
)

ξ
(

ϕ′|ϕ
)

,

where ξ (ϕ′|ϕ) denotes the transition probability of idiosyncratic productivity. Fe (ϕ, B,k′)
is the expected value 1

R

∫
F (ϕ′, B′,k′)dJ (λ′,µ′|λ,µ) in (41), given ϕ, B, and k′.

3. Interpolate Fe (ϕ, B,k′) at k′ = (1− δ) k, and calculate the continuation value if a firm
does not adjust its capital stock.
4. Calculate the continuation value if a firm adjusts its capital stock, and find out the
associated optimal k′.
5. Compare values from 3 and those from 4, update the guess of continuation value, and
characterize the policy function for k′.
6. Provided the new guess of Fc (ϕ, B,k) and the transition probability of ϕ, we can com-
pute probability

ps (ϕ, B′,k′
)
≡
∫
Φs

dξ
(

ϕ′|ϕ
)

,

where Φs≡{ϕ′|Vc (ϕ′, B′,k′) ≥ Vx (k′)}. Interpolate ps (ϕ, B′,k′) at B′=
(

1
R · pb · po (ϕ, B,k′)

)−1
B

to update the guess of po (ϕ, B,k′).
7. Repeat Step 3-6 until the guesses converge.
8. Substitute k′ in po (ϕ, B,k′) with the policy function, and denote the new function with
p̃o (ϕ, B,k). Now given the transition matrix of ϕ, p̃o (ϕ, B,k), and the policy function for k′,
we can construct the transition matrix, Γ, of idiosyncratic states ϕ, B, and k. Combining
the transition matrix with the detrended vector of entrants, ζ̃, we can characterize the
stationary distribution vector of ϕ, B, and k. Iterate the following equation

η̃t+1 =
1

1 + g
Γ× η̃t + ζ̃
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until η̃t converges. The fixed point of η̃t is the detrended vector of the stationary distribu-
tion on the BGP.

Transition Dynamics Transition dynamics are perfect foresight equilibrium paths fol-
lowing unexpected shocks. Prior to t = 0, the economy is at the BGP. Shocks are modeled
as innovations to pb, β, or A at t = 0, and the innovations gradually decay to zero. We
assume that the economy returns to the BGP at t = 100.

Since pb and A follow deterministic processes after the shocks are realized, and Fc
t (ϕt, Bt,kt)

at t = 100 is equal to the fundamental component Fc (ϕ, B,k) along the BGP, we can
use backward induction to pin down fundamental component Fc

t (ϕt, Bt,kt), probability
po

t (ϕt, Bt,kt+1), and policy function k∗t+1 (ϕt, Bt,kt) back from t = 99 to t = 0. Starting from
t = 99
1. We firstly make a guess regarding po

t (ϕt, Bt,kt+1), which is used to predict the associ-
ated bubble size at t + 1. Provided Fc

t+1 (ϕt+1, Bt+1,kt+1) and the transition probability of
ϕ, we can compute probability

ps
t (ϕt, Bt+1,kt+1) ≡

∫
Φs

t+1

dξ (ϕt+1|ϕt) ,

where Φs
t+1 ≡

{
ϕt+1|Vc

t+1 (ϕt+1, Bt+1,kt+1) ≥ Vx (kt+1)
}

. Interpolate ps
t (ϕt, Bt+1,kt+1) at

Bt+1 =
(

1
Rt
· pb · po

t (ϕt, Bt,kt+1)
)−1

Bt to update the guess of po
t (ϕt, Bt,kt+1). Repeat this

process until the guess converges.
2. Use backward induction to compute Fc

t (ϕt, Bt,kt) and k∗t+1 (ϕt, Bt,kt).
3. Iterate (1)-(2) back from t = 99 to t = 0.

Finally, using fundamental component Fc
t (ϕt, Bt,kt), probability po

t (ϕt, Bt,kt+1), and
policy function k∗t+1 (ϕt, Bt,kt), we compute the transition matrix Γt and the vector of en-
trants ζ̃t from t = 0 to t = 99. We can characterize the distribution of idiosyncratic states
along the transition dynamics following

η̃t+1 =
1

1 + g
Γt × η̃t + ζ̃t+1,

where η̃0 is the stationary distribution on the BGP.
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B.5 Verification of R = β−1 in the Equilibrium

We set R = β−1 in our computation of BGP and we can calculate the implied aggregate
output. Suppose that, on the BGP, households of age < T save everything to consume
when they are old. Relative to the aggregate output, the wealth of an age cohort evolves at
the rate R

(1+g) . The ratio of the oldest cohort’s wealth to the aggregate output is decreasing
at T: if T is large enough, the ratio is close to zero. As the saving of households of age < T
cannot exceed their wealth, the ratio of the wealth of the oldest cohort to the aggregate
output is equal to zero if T→∞.

We examine that along the calibrated BGP, the aggregate consumption (relative to the
aggregate output) is positive. As R is fixed in our computation, the size of T does not
directly affect the calibration results. T can indeed be arbitrarily large. In our calibrated
model, if T is large enough, the wealth of oldest individuals is smaller than the aggregate
consumption.

This reasoning also applies to transition dynamics. We fix R = β−1 in our analysis of
transition dynamics. We can examine that along the transition path, the aggregate con-
sumption remains positive relative to the aggregate output. Using the reasoning above,
we know that if T is large enough, at any time on the transition path, the aggregate con-
sumption is higher than the consumption of the oldest cohort.

B.6 Social Welfare

Define social welfare as
Ut ≡

∫
Uitdi.

The social welfare is the sum of the lifetime utility of all existing households. Incumbent
individuals have the following budget constraint

Cit +
∫
Φt

{Vc (λt,µt,kt) + [kt+1 − (1− δ) kt + g (kt,kt+1)]}dθit+1 (µt,kt) =
∫

V (λt,µt,kt)dθit (µt,kt) ,

where θit (µt,kt) denotes the distribution (CDF) of shares of incumbent firms. Note that
for the oldest individuals, θit+1 (µt,kt) = 0, as they consume all their wealth. Newly born
individuals have the following budget constraint

Cit +
∫
Φt

{Vc (λt,µt,kt) + [kt+1 − (1− δ) kt + g (kt,kt+1)]}dθit+1 (µt,kt) =
∫
Φe

t

Ve (λt,µt)dθe
it (µt) ,
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where Φe
t ≡ {(λt,µt) |Ve (λt,µt) ≥ 0}, θe

it (λt,µt) denotes the distribution (CDF) of poten-
tial entrants.

The budget constraint for an oldest individual can be written as

Cit =
∫

V (λt,µt,kt)dθit (µt,kt) .

As for an individual of age T − 1, since there is no aggregate uncertainty, and the return
on the investment portfolio is equal to 1

β , the budget constraint can be written as

Cit + Iit =
∫

V (λt,µt,kt)dθit (µt,kt) ,

and
Cit+1 =

1
β

Iit,

where

Iit ≡
∫
Φt

{Vc (λt,µt,kt) + [kt+1 − (1− δ) kt + g (kt,kt+1)]}dθit+1 (µt,kt) .

Hence their lifetime utility is equal to

Uit = Cit + βCit+1 =
∫

V (λt,µt,kt)dθit (µt,kt) .

Keep iterating, and we can obtain that for every incumbent individual i,

Uit =
∫

V (λt,µt,kt)dθit (µt,kt) .

As for newly born individuals,

Uit =
∫
Φe

t

Ve (λt,µt)dθe
it (µt) .

In aggregate

Ut =
∫

V (λt,µt,kt)dη
p
t (µt,kt) +

∫
Φe

t

Ve (λt,µt)dχt (µt) .

In our model, the social welfare is equal to the aggregate wealth held by all existing indi-
viduals.
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In Figure 2 we plot the impulse response of welfare following a positive bubble shock.
Bubbles have a wealth effect. A positive bubble shock can raise aggregate wealth and
therefore lifetime consumption. It might seem obvious that bubbles are distortionary as
they act as “subsidies” to firm entry and “taxes” to firm exit. However, this is mistaken.
In a bubbly equilibrium, the social benefit of continuation is the value of continuation in-
stead of its fundamental component. Firms make non-distorted decisions when they com-
pares the exit value (the cost of continuation) and continuation value, no matter whether
the continuation value is different from its fundamental component.

C SVAR: Medium run restriction

C.1 The identification Issue

We now move to the discussion about the construction of the main driver of the non-
fundamental component, which we refer to as the bubble shock. Note that Ut in (30)
includes the vector of reduced form residuals, which are linear combinations of structural
shocks:

Ut = B−1
0 ζt, (42)

where ζt denotes a vector of structural shocks normalized to have unit variances, (B−1
0 )′B−1

0 =

Σu, where Σu is the covariance matrix of the reduced form residuals. It is trivial to get an
unbiased estimate Σ̂u. However, the identification issue arises because there are more pa-
rameters to be estimated in B−1

0 than the number of knowns contained in Σ̂u. Therefore,
structural assumptions are required to overcome this identification problem. One way to
understand how to impose structural assumptions is to rewrite B−1

0 as:

B−1
0 = AQ, (43)

where A is a lower triangular matrix with AA′ = Σu, e.g., the Cholesky decomposition
of Σ̂u is a natural candidate for Â, and Q is a orthonormal matrix such that QQ′ = I.
Solving the identification problem boils down to find the orthonormal matrix Q such that
identification assumptions are satisfied.

We are interested in one shock, labeled as a bubble shock, hence it is sufficient to
identify one column of B−1

0 associated with the bubble shock. To do so, we rely on the
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medium-run restriction. As explained above, the medium-run restriction is problematic
if we fail to control for other shocks that might be, albeit unlikely, the main driver of the
price-fundamental differential. In the baseline, we control for both unanticipated and
anticipated productivity shocks that are, arguably, the main drivers of the business cycle.

To control for unexpected TFP shocks, following Levchenko and Pandalai-Nayar (2020),
we include Fernald (2014)’s measure of utility adjusted TFP in our VAR. The first differ-
ence of this variable is widely used in the empirical literature as a measure of unexpected
productivity shock, see e.g., Garín, Lester and Sims (2019) and Loria, Matthes and Zhang
(2019) for recent applications, and Ramey (2016) for a survey.37 We assume that unantic-
ipated shocks are the only shocks that affect TFP contemporaneously. With TFP ordered
the first, a simple Cholesky decomposition of Σ̂u gives us a lower triangular matrix Â
whose first column is associated with the TFP shocks:

B−1
0 ζt =



∗ 0 0 0 0 0
∗ ∗ 0 0 0 0
∗ ∗ ∗ 0 0 0
∗ ∗ ∗ ∗ 0 0
∗ ∗ ∗ ∗ ∗ 0
∗ ∗ ∗ ∗ ∗ ∗


︸ ︷︷ ︸

Â



εTFP
t

u2,t

u3,t

u4,t

u5,t

u6,t


(44)

In addition, we control for anticipated productivity shocks, i.e., news shocks. Those
shocks are identified as a linear combination (Q1) of remaining reduced form residuals,
[u2,t, ...,u6,t]

′, such that it contributes the most to the cumulative sum of the square of the
forecast error of TFP, i.e., ∑H1

h=0(FEt f p
t+h|t)

2. With this Q1, the second shock is identified as
news shocks:

B−1
0 ζt = ÂQ1

[
εTFP

t εnews
t u3,t u4,t u5,t u6,t

]′
. (45)

In the next section, we explain the procedure to derive Q1.
The last identification assumption assumes that, once controlled for unanticipated and

anticipated news shocks, bubble shocks are the ones that maximize the forecast error vari-
ance decomposition of price-fundamental differential. That is, bubble shocks are identi-

37An alternative popular approach to identify productivity shock replies on long-run restriction (Blan-
chard and Quah 1989 and Galí 1999), this is not suitable as we show both empirically and theoretically that
bubble shocks have very persistent effect on productivity.
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fied as a linear combination (Q2) of remaining reduced form residuals, [u3,t,u4,t,u5,t,u6,t]
′,

such that it contributes the most to the cumulative sum of the square of the forecast error
of pt − ft, i.e., ∑H2

h=0(FEp/ f
t+h|t)

2, where ft is defined as in (29). With such an orthonormal
matrix Q2 in place, the third shock is identified as the bubble shock:

B−1
0 ζt = ÂQ1Q2

[
εTFP

t εnews
t εb

t u4,t u5,t u6,t

]′
. (46)

In what follows, we illustrate the formal procedure to derive Q2 and we demonstrate how
to control for additional shocks.

C.2 Technical Details

The staring point is to obtain impulse responses to reduced form residuals. Those can be
obtained by considering our VAR(p) in companion form:

Yt = AYt−1 + Ut,

where

Yt ≡


Yt
...

Yt−p+1

 ,A≡



B1 B2 . . . Bp−1 Bp

IK 0 0 0
0 IK 0 0
... . . . ...

...
0 0 . . . IK 0


,Ut ≡


Ut

0
...
0

 .

where K is the number of variables. Solve this equation forward:

Yt+h = Ah+1Yt−1 +
h

∑
j=0

AjUt+h−j,
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Multiply this equation by J≡ [IK,0K×K(p−1)] yields:

Yt+h = JAh+1Yt−1 +
h

∑
j=0

JAjUt+h−j

= JAh+1Yt−1 +
h

∑
j=0

JAjJ′JUt+h−j

= JAh+1Yt−1 +
h

∑
j=0

JAjJ′Ut+h−j.

Therefore, the response of the variable j = 1, . . . , K to a reduced form residual ukt that
occurred h periods ago, is given by:

Φh ≡ [φjk,h] ≡ JAhJ′.

The h-step ahead forecast error is:

Yt+h −Yt+h|t =
h−1

∑
i=0

ΦiUt+h−i.

Hence the MSFE at horizon h is:

MSFEh =
h−1

∑
i=0

ΦiΣuΦ′i.

Identifying News Shocks By imposing structural assumptions through an orthonormal
matrix Q, the structural impulse response is given by Φh AQ. And recall that A is the
lower triangular matrix resulting from the Cholesky decomposition of Σu. With TFP
ordered the first, the first shock is identified as unanticipated productivity shock under
the assumptions that no other shocks can affect TFP contemporaneously. News shocks
are identified as the linear combination (Q1) of remaining reduced form residuals that
contribute the most to the MSFE of TFP at horizons up to H1.

Q1 = argmax
ei
′(∑H1

h=0 Φh ÂQ1ejej
′Q′1Â′Φ′h)ei

e′i(∑
H1
h=0 MSFEh)ei

, (47)
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s.t.

Q1 ≡


1 0 . . . 0
0 Q1(2,2) Q1(2, p)
... . . .

0 Q1(K,2) Q1(K, p)


Q1Q′1 = 1

ei denotes selection vectors with one in the ith place and zeros elsewhere. In our empirical
application, we set i = 1 and j = 2 to label the second shock as the one that maximize
forecast error variance of the first variable. Note that the first column and the first row of
Q1 are specified in this way to select non-productivity shocks at the same time guarantee
its orthogonality.

Identifying Bubble Shocks Once we have identified the first two shocks, we identify
the bubble shocks as the linear combination (Q2) of the remaining residuals that con-
tribute the most to the MSFE of pt − ft at horizons up to H2.

The response of ∑∞
i=0 ΛiEt(Yt+i) to a shock that occurred h periods ago, upon a suc-

cessful selection of the matrix Q2, is given by:

Φ̃h,0 = JAh−1(1−ΛA)−1J′AQ1Q2

The response of ∑∞
i=0 Λi(1−Λ)Et(Yt+i+1) to a shock that occurred h periods ago is given

by:

Φ̃h,1 = (1−Λ)ΛJAh(1−ΛA)−1J′AQ1Q2

Hence, the response of the variable ft to a shock that occurred h periods ago, is given by:

Φ̃ f
h = Φ̃h,1(d)− Φ̃h,0(r),

where Φ̃h,1(d) and Φ̃h,0(r) selects, respectively, the vector of response associated with dt

and rt. The reponse of pt − ft to a shock that occurred h periods ago, is given by:

Φ̃p/ f
h = Φh(p)− Φ̃ f

h .
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Therefore, the MSFE of pt − ft at horizon h is given by:

MSFEp/ f
h =

h−1

∑
i=0

Φ̃p/ f
i Σu(Φ̃

p/ f
i )′.

We identify the bubble shocks as the linear combination (Q2) of the remaining residu-
als that contribute the most to the MSFE of pt − ft at horizons up to H2. Formally:

Q2 = argmax
∑H2

h=0 Φ̃p/ f
h ejej

′(Φ̃p/ f
h )′

∑H1
h=0 MSFEp/ f

h

, (48)

s.t.

Q2 ≡



1 0 0 . . . 0
0 1 0 . . . 0
0 0 Q2(3,3) Q2(3, p)
... . . .

0 0 Q2(K,3) Q2(K, p)


Q2Q′2 = 1.

Controlling for other Shocks Our baseline identification strategy can be easily extended
to control for more shocks. In our empirical application, as robustness checks, we con-
trol for credit supply, uncertainty and risk premium shocks, and shocks to the short term
nominal interest rate. To do so, we include (i) uncertainty and risk premium — VIX
(Bekaert et al. 2013), (ii) credit supply — Gilchrist and Zakrajsek (2012)’s excess bond pre-
mium, and (iii) the short term nominal rate into our VAR, separately to avoid the curse
of dimensionality. These variables are ordered the second in the VAR system. Shocks to
these control variables are identified using the classical recursive restrictions: on impact,
apart from the structural shock in question, no other structural shocks affects the vari-
able from which the structural shocks is identified. Our bubble shocks are then identified
analogically to the procedure described above: as the linear combination of reduced form
residuals, excluding unanticipated and anticipated TFP shocks and the additional shock
that we control for, that maximize the FEVD of the price fundamental differential.
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D Data

This section provides a brief overview of the data we use throughout this paper. The
stock price, dividend and earning of the SP500 are taken from Shiller (2015), which are
updated and made available on the author’s website. We take the Gilchrist and Zakrajsek
(2012) excess bond premium (EBP henceforth) updated by Favara et al. (2016). We include
Fernald (2014)’s utility adjusted TFP as a measure of TFP. The remaining variables are
taken from FRED: the real gross domestic product per capita (real GDP), the gross private
domestic investment, and the civilian unemployment rate that are seasonally adjusted,
Moody’s Baa Corporate Bond Yield (to construct real interest rate rt), CBOE Volatility
Index (VIX), 3-month treasury bill rate, and GDP deflator. All nominal variables are re-
scaled by GDP deflator to obtain their real values. The Business Dynamics Statistics (BDS)
provide information about firms’ entry and exit rates at annual frequency from 1977 to
2016. We interpolate them into quarterly frequency, using a simple linear interpolation.

E Linking the VAR with the Model

In this section, we apply the empirical strategies adopted in the previous section using
data simulated from our structural model for validating the empirical strategies and pro-
viding plausible structural interpretations to the resulting reduced-form estimates.

We simulate the time series following Boppart et al. (2018). We include three types of
shocks: (1) shocks to pb, which correspond to the bubbles shocks in the baseline VAR,
(2) shocks to At, which correspond to the technology shocks in the baseline VAR, and (3)
shocks to β (i.e., shocks to R), which corresponds to the interest rate shocks. All shocks
follow AR(1) processes. Without loss of generality, we set the auto-correlations of all
types of shocks to 0.5. The relative standard deviations of technology, bubble, and inter-
est rate shocks are chosen such that they account for 25%, 60%, and 10% of the FEVD of
real output at horizon 40, respectively. This choice corresponds to the main driver of the
non-fundamental component justifying more than 60% of the FEVD of the real GDP at 40
quarters ahead. Our results are robust to different parameterizations of shocks processes.
We add small measurement errors (with standard errors equal to 4% of the standard de-
viation of interest rate shocks) to each simulated data to avoid dynamic singularity.
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The Decomposition of Asset Prices using VAR We treat the simulated data similarly
as we treat the data in Section 5.1 with the same sample size (160 periods) to obtain the
estimated price–fundamental differential components. We repeat this exercise 1000 times
using 1000 simulated samples. Figure 13 plots the distribution of correlations between the
true price–fundamental differential component of the aggregate asset price in the model
and the estimated one. A correlation that equals 1 indicates a perfect match. Our simula-
tion shows that our decomposition strategy based on a linear VAR successfully captures
the truth in a world described by our nonlinear structural model.

What Is the Main Driver of the Non-Fundamental Component? The following sim-
ulation exercise shows that in the model, the medium-run restriction identifies bubble
shocks. We estimate the SVAR with the medium-run restriction using 1000 sample simu-
lated from the model.

The blue dashed lines in Figure 14 plot the effects of a positive bubble shock in the
model, called the true IRFs. The red lines in Figure 14 plot the estimated IRFs by applying
our SVAR model to the simulated data. The solid red line indicates the median of the
estimated IRFs from 1000 simulations. The dotted red lines represent the 90% intervals of
the estimated IRFs from the 1000 simulations. The median of the estimated IRFs (out of
1000 simulations) matches the true IRFs underlying the model.

We conduct the same exercise using the data simulated from the model without bub-
bles. Figure 15 reports the results. Without bubbles, the model fails to produce empirical
findings presented in Figure 4.
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Figure 13: This figure plots the distribution of the correlation between the true and the estimated price-
fundamental differential component based on 1000 simulations of the model.
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Figure 14: This figure plots the true IRFs to a positive bubble shocks in the model (blue dashed line)
together with the estimated IRFs by applying our SVAR model to the simulated data (red lines). The solid
red line indicates the median of the estimated IRFs from 1000 simulations. The dotted red lines represent
the 90% intervals out of the 1000 simulations. Each simulated data set consists of 160 periods—the same
sample length as in the data.
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Figure 15: This figure plots the estimated IRFs to the shocks by applying our SVAR model to data simu-
lated from a model without bubbles. The solid red line indicates the median of the estimated IRFs from 1000
simulations. The dotted red lines represent the 90% intervals out of the 1000 simulations. Each simulated
data set consists of 160 periods—the same sample length as in the data.
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